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Abstract
A methodology is described to evaluate the Root-Mean-Square (RMS) errors in acceleration response during the vibration testing
of ﬂexible structures like missile and rockets. Simulation studies are carried out on a free-free uniform beam to characterize the
error estimations in the desired and achieved acceleration spectra at diﬀerent locations of the structure. Equal and unequal desired
spectra are also considered at diﬀerent locations of the structure and individual error in the achieved spectrum, as well as overall
error is computed. The simulation results are obtained for traversing a single input along the length of the structure with three
control sensors at diﬀerent locations. The variation of the force requirement at diﬀerent locations of the control sensor and the
normalized RMS error for each control sensor is computed. The investigations show that the force requirement is less when the
control sensors are placed at the far ends of the structure. It is also observed that the force requirement is increased marginally for
the increased number of control sensors, whereas the overall error between the desired and achieved spectrum is reduced with the
increase in the number of control sensors.
c© 2016 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the organizing committee of ICOVP 2015.
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1. Introduction
Extreme dynamic conditions, which are random in nature, originating from the aerodynamic loads and thrust ﬂuc-
tuations are the most critical parameters in the design phase of aerospace equipment, payloads, secondary structures
and interfaces. The performance of the sub-systems depends on their operation under these extreme conditions. In
the initial development phase of an aerospace structure, the random vibration levels experienced by the critical equip-
ment are measured using an accelerometer for a certain number of ﬂight conﬁgurations. Based on the measured
acceleration levels, the acceleration spectrum is enveloped for all the ﬂight conﬁgurations at the critical locations of
the equipment. Each sub-system is subjected to vibration testing so that the functioning of the sub-systems can be
evaluated for the simulated extreme vibration levels. In vibration testing [1-4], an airframe section assembled with
electronic sub-systems is ﬁxed to a shake table. A control accelerometer is placed on the shake table and a desired
input acceleration spectrum for a speciﬁed duration is fed to the controller. The force to the airframe section is con-
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trolled in such a way that the desired acceleration spectrum is achieved at the base of the airframe section. Moreover,
the input forces excite the structural frequencies of the test section and it becomes diﬃcult to control the vibrations
to the desired levels on a ﬂexible structure. Hence, at present electronic systems are tested for their performance by
mounting them on very rigid ﬁxtures. The same procedure is adopted for all the sub-systems. The input acceleration
spectrum and the duration of the vibration test diﬀer from component to component. This demands for more vibration
testing time for all the sub-systems and in turn delays the mission. Hence, the disadvantages of vibration qualiﬁcation
testing at section level are more time consumption, over testing and reduced life. In addition to this, the contribution
of the ﬂexibility of the overall structure on the vibration levels is not considered. However, the present scenario does
not emulate the exact free-free boundary conditions of the aerospace structures during the ﬂight. The authors [5-7]
presented a methodology for vibration testing of a completely integrated aerospace vehicle under free-free boundary
condition and is validated through the experiments. In this paper, an error estimation procedure is presented in the
root-mean square values of the achieved and desired acceleration for the ﬂexible structures.
2. General Formulation for Error Estimation
The equation of motion of a discrete structural system can be written as,
[M]{y¨(t)} + [Cd]{y˙(t)} + [K]{y(t)} = [F]{u(t)} (1)
where, {y(t)} → Displacement vector = {wb(t) θ(t) }T and {u(t)} → Force vector. From modal analysis approach [8,9],
the response vector, y(x, t) is given as,
{y(x, t)} = [P(x)]{qm(t)} (2)
where [P(x)] is the modal matrix and {qm(t)} is the modal response vector.
The modal matrix and other modal characteristics can be obtained by solving the eigenvalue problem as,
{[K] − [M]ω2}{φ} = {0}; [P] =
[
{φ}1 {φ}2 · · · {φ}N
]
(3)
Using Eq. (2), Eq. (1) can be rewritten as,
[M][P]{q¨m(t)} + [Cd][P]{q˙m(t)} + [K][P]{qm(t)} = [F]{u(t)} (4)
Pre-multiplying the above Eq. (4) by [P]T , we get
[P]T [M][P]{q¨m(t)} + [P]T [Cd][P]{q˙m(t)} + [P]T [K][P]{qm(t)} = [P]T [F]{u(t)} (5)
[Mm]{q¨m(t)} + [Cm]{q˙m(t)} + [Km]{qm(t)} = [Fm]{u(t)} (6)
where, [Mm] → Modal mass matrix, [Cm] → Modal damping matrix, [Km] → Modal stiﬀness matrix, [Fm] →
Modal force matrix
If we deﬁne the state vectors as,
{z1(t)} = {qm(t)}; {z2(t)} = {q˙m(t)} (7)
Equation (6) can be rewritten in terms of the above deﬁned state variables as,
{
z˙1(t)
z˙2(t)
}
=
[
[0] [I]
−[Mm]−1[Km] −[Mm]−1[Cm]
] {
z1(t)
z2(t)
}
+
{
[0]
[Fm]
}
{u(t)} (8)
{z˙(t)} = [A]{z(t)} + [B]{u(t)} (9)
where, [A]→ State matrix, [B]→ Input matrix
Considering the acceleration response, we can write the modal acceleration term q¨m(t), in terms of the state vector
z(t) and input vector u(t) as,
{q¨m(t)} = [C]{z(t)} + [D]{u(t)} (10)
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where, [C]→ Output matrix, [D]→ Feed forward matrix
Using the above equations, the modal transfer functions can be obtained as,
[Hm(s)] = [C][sI − A]−1[B] + [D]; [H(s)]i =
N∑
k=1
{φ}ik[(Hm(s))k] (11)
For a structure with Ni inputs and No outputs, the frequency response function matrix [10] can be written as,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
Y¨1(ω)
Y¨2(ω)
. . .
. . .
Y¨No (ω)
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
H11(ω) H12(ω) . . . . . . H1Ni (ω)
H21(ω) H22(ω) . . . . . . H2Ni (ω)
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
HNo1(ω) HNo2(ω) . . . . . . HNoNi (ω)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
F1(ω)
F2(ω)
. . .
. . .
FNi (ω)
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
(12)
{Y¨(ω)}No×1 = [H(ω)]No×Ni {F(ω)}Ni×1 (13)
The auto and cross spectral densities of the acceleration responses are given by,
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
S Y¨1Y¨1 (ω) S Y¨1Y¨2 (ω) . . . . . . S Y¨1Y¨No (ω)
S Y¨2Y¨1 (ω) S Y¨2Y¨2 (ω) . . . . . . S Y¨2Y¨No (ω)
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
S Y¨No Y¨1 (ω) S Y¨No Y¨2 (ω) . . . . . . S Y¨No Y¨No (ω)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= [H]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
S F1F1 (ω) 0 0 0 0
0 S F2F2 (ω) 0 0 0
0 0 . . . 0 0
0 0 0 . . . 0
0 0 0 0 S FNi FNi (ω)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
[H]∗ (14)
[S Y¨Y¨ (ω)]No×No = [H(ω)]No×Ni [S FF(ω)]Ni×Ni [H(ω)]
∗
Ni×No (15)
The required input force spectra can be obtained as,
[S FF(ω)]Ni×Ni = [G(ω)]Ni×No [S D¨D¨(ω)]No×No [G(ω)]
∗
No×Ni (16)
where, [G(ω)] = [H(ω)]−1.
For a rectangular system, the [G(ω)] is calculated using Moore-Penrose pseudo-inverse method as,
[G(ω)] = [HT (ω)H(ω)]−1[HT (ω)] (17)
The auto-spectral densities of the desired and measured acceleration spectrum over a frequency range of the desired
acceleration can be written as,
[S D¨D¨(ω)]No×Nf =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
S D¨1D¨1 (ω1) S D¨1D¨1 (ω2) . . . S D¨1D¨1 (ωNf )
S D¨2D¨2 (ω1) S D¨2D¨2 (ω2) . . . S D¨2D¨2 (ωNf )
. . . . . . . . . . . .
S D¨No D¨No (ω1) S D¨No D¨No (ω2) . . . S D¨No D¨No (ωNf )
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (18)
[S M¨M¨(ω)]No×Nf =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
S M¨1M¨1 (ω1) S M¨1M¨1 (ω2) . . . S M¨1M¨1 (ωNf )
S M¨2M¨2 (ω1) S M¨2M¨2 (ω2) . . . S M¨2M¨2 (ωNf )
. . . . . . . . . . . .
S M¨No M¨No (ω1) S M¨No M¨No (ω2) . . . S M¨No M¨No (ωNf )
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (19)
A norm-2 is calculated for the desired spectrum to calculate the normalized errors between the measured and
desired levels as,
{ND}1×Nf =
(
||S D¨D¨E1||2 , ||S D¨D¨E2||2 , . . . ||S D¨D¨ENf ||2
)
(20)
where E = INf×Nf , E1 = E(:, 1), E2 = E(:, 2), . . . , Ek = E(:,Nf ).
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The weighting for each control sensor is computed as,
[W]No×Nf =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
S 2
D¨1 D¨1
(ω1)
N2D(ω1)
S 2
D¨1 D¨1
(ω2)
N2D(ω2)
. . .
S 2
D¨1 D¨1
(ωN f )
N2D(ωN f )
S 2
D¨2 D¨2
(ω1)
N2D(ω1)
S 2
D¨2 D¨2
(ω2)
N2D(ω2)
. . .
S 2
D¨2 D¨2
(ωN f )
N2D(ωN f )
. . . . . . . . . . . .
S 2
D¨No D¨No
(ω1)
N2D(ω1)
S 2
D¨No D¨No
(ω2)
N2D(ω2)
. . .
S 2
D¨No D¨No
(ωN f )
N2D(ωN f )
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(21)
The error spectrum (ES) between the desired and measured acceleration spectrum is given as,
[ES ]No×Nf = 10 log10
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
S D¨1 D¨1 (ω1)
S M¨1 M¨1 (ω1)
S D¨1 D¨1 (ω2)
S M¨1 M¨1 (ω2)
. . .
S D¨1 D¨1 (ωN f )
S M¨1 M¨1 (ωN f )
S D¨2 D¨2 (ω1)
S M¨2 M¨2 (ω1)
S D¨2 D¨2 (ω2)
S M¨2 M¨2 (ω2)
. . .
S D¨2 D¨2 (ωN f )
S M¨2 M¨2 (ωN f )
. . . . . . . . . . . .
S D¨No D¨No (ω1)
S M¨No M¨No (ω1)
S D¨No D¨No (ω2)
S M¨No M¨No (ω2)
. . .
S D¨No D¨No (ωN f )
S M¨No M¨No (ωN f )
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(22)
The error spectrum is normalized (NES) using the weights obtained in Eq. (22) as,
[NES ]No×Nf = [ES ]. ∗ [W] (23)
The overall error (OE) of all the control sensors can be obtained as,
{OE}1×Nf =
(∑No
k=1(NES )E1 ,
∑No
k=1(NES )E2 , ...
∑No
k=1(NES )ENf
)
(24)
A beam is used as a representation of ﬂexible structure. A ﬁnite element method based on Euler-Bernoulli assump-
tions and state space approach is developed in Matlab to formulate a modal model of the beam to obtain the modal
parameters (natural frequencies, mode shapes and generalized masses). Mode summation method is used to evaluate
the frequency response functions (FRFs) matrix, [H] of Ni inputs and No outputs. A modal damping ratio of 2 % is
assumed for all the modes and frequency range of 20 Hz to 1000 Hz is considered for the simulation studies.
Fig. 1. Schematic of a free-free uniform beam on soft suspension excited
with single input and multiple output.
Fig. 2. Variation of the required force for the uniform beam to achieve a
desired spectrum at diﬀerent locations of control sensor.
3. Results and Discussions
A uniform aluminum beam of rectangular cross-section (Length = 0.65 m, Width = 33.5 mm and Thickness = 5
mm) is supported on bungee cords to simulate close to free-free boundary and is shown in Fig. 1. A single exciter and
a single control sensor is considered to compute the frequency response functions and the exciter is traversed along the
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length of the beam to compute the force spectrum to achieve desired spectrum at the single control sensor locations.
In single input and two outputs conﬁguration, three cases are considered. In the ﬁrst case, the control sensors are
assumed at x/L = 0.03 & x/L = 0.50, in the second case, they are at x/L = 0.50 & x/L = 0.97, and in the third case,
they are at x/L = 0.03 & x/L = 0.97 of the structure. The force levels are also computed for equal and unequal desired
spectra at the respective locations. Normalized RMS errors in the respective control sensors and overall RMS error of
the control sensors is calculated as a function of exciter location.
3.1. Single Input and Single Control Sensor
The variation of the required force for diﬀerent location of a control sensor is shown in Fig. 2. The force is
normalized with respect to the mass of the structure and desired spectrum levels and is shown in Table 1. It has been
noticed that the required RMS force levels are higher once the exciter approaches close to the nodal point of the ﬁrst
mode of the uniform beam when the control sensor is placed near the nodal point. The force levels are less when the
control sensors are placed at the far ends of the beam.
Table 1. Required root-mean-square force levels at diﬀerent exciter-control sensor locations in single-input single-output conﬁguration of free-free
uniform beam.
Control Sensor at x/L
0.03 0.2 0.5
Exciter at Required Force, Exciter at Required Force, Exciter at Required Force,
x/L Nrms x/L Nrms x/L Nrms
0.03 1.65 0.03 4.81 0.03 3.07
0.2 4.81 0.2 6.74 0.2 5.05
0.5 3.07 0.5 5.05 0.5 8.32
0.77 6.9 0.77 14.3 0.77 6.07
0.97 1.75 0.97 5.86 0.97 3.07
Fig. 3. Variation of (a) required force and (b) normalized root-mean-square error at control sensor 1 for the uniform beam to achieve equal desired
spectra at two control sensors (A - x/L = 0.03 & x/L = 0.50, B - x/L = 0.50 & x/L = 0.97, C - x/L = 0.03 & x/L = 0.97).
3.2. Single Input and Two Control Sensors
A single input and two control sensors conﬁguration is shown in Fig. 3. The force variation is shown in Fig. 3(a)
and the normalized RMS error for control sensor 1 is shown in Fig. 3(b). It is observed that the force requirement is
less when the two control sensors are at the far ends of the beam. The normalized RMS error at control sensor 1 is
almost constant when the control sensors are at x/L = 0.03 & x/L = 0.50 and shows a valley towards the far end of
the beam. Similar trend is observed at the control sensor 2 as shown in Fig. 4(a). The overall normalized RMS error
as shown in Fig. 4(b) is less for the control sensor at x/L = 0.03 & x/L = 0.50 and increases for the other half of the
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Fig. 4. Variation of normalized root-mean-square (a) error at sensor 2 and (b) overall error for the uniform beam to achieve equal desired spectra at
two control sensors (A - x/L = 0.03 & x/L = 0.50, B - x/L = 0.50 & x/L = 0.97, C - x/L = 0.03 & x/L = 0.97).
beam. When the control sensors are placed at x/L = 0.50 & x/L = 0.97, the normalized RMS error is maximum for
the ﬁrst of the beam and keeps reducing for the second half of the beam. Fig. 5 shows the comparison of the desired
and achieved acceleration within 3 dB alarm and 6 dB abort limits. It is observed that the acceleration spectrum at
the minimum normalized RMS error at the respective control sensors is achieved at the respective locations with some
degree of accuracy.
Fig. 5. Comparison of equal desired and achieved acceleration spectra at (a) x/L = 0.03 and (b) x/L = 0.97 for the uniform beam with minimum
normalized RMS error at respective control sensors (A - x/L = 0.03 & x/L = 0.50, B - x/L = 0.50 & x/L = 0.97, C - x/L = 0.03 & x/L = 0.97).
When the unequal desired spectra are speciﬁed at the control sensor locations as in the practical case of vibration
testing, the normalized RMS error at the respective control sensors and overall normalized RMS error remains un-
changed and a similar trend is observed as in the case of equal desired spectra. This can be noticed in Fig. 6(a) and
Fig. 6(b). The achieved acceleration at the ﬁrst control sensor location is highly dominated by the cross eﬀect of the
second control sensor and greatly deviates from the desired spectrum as shown in Fig. 7. Table 2 and Table 3 show the
RMS required force and achieved acceleration levels for the equal and unequal desired spectra levels along with the
normalized RMS errors in the respective control sensors and the overall normalized RMS error. It has been observed
thatthe overall normalized RMS error is independent of the spectrum levels.
3.3. Single Input and Three Control Sensors
A more generalized single-input multiple-output conﬁguration is also discussed with one exciter and three control
sensors at viz. (1) x/L = 0.03, x/L = 0.20 & x/L = 0.50, (2) x/L = 0.50, x/L = 0.68 & x/L = 0.97 and (3) x/L = 0.03,
x/L = 0.50 & x/L = 0.97. Keeping the control sensor locations ﬁxed and varying the exciter locations, the required
input force is calculated and is shown in Table 4 for equal desired spectrum levels. The normalized RMS error in the
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Fig. 6. Variation of normalized root-mean-square (a) error at sensor 2 and (b) overall error for the uniform beam to achieve unequal desired spectra
at two control sensors (A - x/L = 0.03 & x/L = 0.50, B - x/L = 0.50 & x/L = 0.97, C - x/L = 0.03 & x/L = 0.97).
Fig. 7. Comparison of unequal desired and achieved acceleration spectra at (a) x/L = 0.03 and (b) x/L = 0.97 for the uniform beam with minimum
normalized RMS error at respective control sensors (A - x/L = 0.03 & x/L = 0.50, B - x/L = 0.50 & x/L = 0.97, C - x/L = 0.03 & x/L = 0.97).
Table 2. Required root-mean-square force and achieved acceleration levels at diﬀerent exciter-control sensor locations for equal desired spectra in
single-input two-outputs conﬁguration of free-free uniform beam.
Control Sensor at Exciter Required Control sensor - 1 Control sensor - 2 Overall
x/L at Force, Achieved Norm Achieved Norm Errorrms
x/L Nrms grms Errorrms grms Errorrms
0.03 0.5 0.03 0.13 2.74 22.2 1.65 13.79 26.14
Desired grms 0.2 0.24 2.47 20.32 2.25 17.93 27.09
2.7229 2.7229 0.5 0.26 2.45 19.52 2.52 20.42 28.25
0.77 0.51 2.66 20.53 2.24 19.59 28.37
0.97 0.16 2.69 21.37 2.23 19.04 28.62
0.5 0.97 0.03 0.16 2.21 18.86 2.69 21.38 28.51
Desired grms 0.2 0.33 2.22 19.36 2.69 20.99 28.55
2.7229 2.7229 0.5 0.23 2.42 19.81 2.39 19.08 27.5
0.77 0.29 2.12 16.69 2.54 21.15 26.95
0.97 0.14 1.56 13.21 2.74 22.18 25.81
0.03 0.97 0.03 0.1 2.7 21.91 1.98 15.85 27.04
Desired grms 0.2 0.18 2.33 19.52 2.59 19.71 27.74
2.7229 2.7229 0.5 0.22 2.59 21.3 2.62 21.44 30.22
0.77 0.24 2.32 17.26 2.44 20.7 26.96
0.97 0.1 1.98 15.85 2.7 21.91 27.04
respective control sensors with respect to the exciter location is shown in Fig. 8 and Fig. 9. It is also observed that the
overall normalized RMS error is less for the ﬁrst half of the beam when the control sensors are also in the ﬁrst half of
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Table 3. Required root-mean-square force and achieved acceleration levels at diﬀerent exciter-control sensor locations for unequal desired spectra
in single-input two-outputs conﬁguration of free-free uniform beam.
Control Sensor at Exciter Required Control sensor - 1 Control sensor - 2 Overall
x/L at Force, Achieved Norm Achieved Norm Errorrms
x/L Nrms grms Errorrms grms Errorrms
0.03 0.5 0.03 0.14 2.77 21.29 1.72 13.95 25.45
Desired grms 0.2 0.26 2.49 19.17 2.27 17.91 26.23
2.7229 2.8645 0.5 0.27 2.5 18.52 2.56 20.57 27.68
0.77 0.57 2.72 19.93 2.36 20.09 28.3
0.97 0.17 2.74 20.2 2.26 18.94 27.69
0.5 0.97 0.03 0.17 2.48 20.47 2.8 20.64 29.07
Desired grms 0.2 0.35 2.49 20.93 2.79 20.22 29.1
3.002 2.8645 0.5 0.23 2.65 21.3 2.46 18.2 28.02
0.77 0.32 2.22 17.19 2.63 19.23 25.79
0.97 0.15 1.66 13.74 2.8 20.29 24.5
0.03 0.97 0.03 0.11 2.99 22.9 2.13 15.67 27.75
Desired grms 0.2 0.2 2.56 19.82 2.67 18.72 27.26
3.002 2.8645 0.5 0.25 2.81 21.18 2.83 20.11 29.21
0.77 0.29 2.37 17.21 2.65 19.41 25.94
0.97 0.12 2.1 15.15 2.82 20.21 25.26
Table 4. Required root-mean-square force and achieved acceleration levels at diﬀerent exciter-control sensor locations for equal desired spectra in
single-input three-outputs conﬁguration of free-free uniform beam.
Control Sensor at Exc Req Control sensor - 1 Control sensor - 2 Control sensor - 3 Overall
x/L at Force Ach Norm Ach Norm Ach Norm Errorrms
x/L Nrms grms Errorrms grms Errorrms grms Errorrms
0.03 0.2 0.5 0.03 0.11 2.74 18.23 1.69 10.8 1.57 10.88 23.82
Desired grms 0.2 0.2 2.18 14.51 2.46 16.48 2.05 13.18 25.6
2.7229 2.7229 2.7229 0.5 0.28 2.54 16.56 2.14 13.13 2.61 17.27 27.29
0.77 0.53 2.66 16.79 2.43 14.87 2.27 16.29 27.72
0.97 0.16 2.71 17.62 2.34 14.14 2.27 15.92 27.64
0.5 0.68 0.97 0.03 0.16 2.19 15.16 2.25 15.34 2.73 17.58 27.83
Desired grms 0.2 0.35 2.21 15.67 2.26 15.44 2.71 17.21 27.93
2.7229 2.7229 2.7229 0.5 0.24 2.44 16.36 2.2 14.67 2.33 15.13 26.68
0.77 0.23 1.73 11.14 2.23 14.91 2.37 16.13 24.63
0.97 0.11 1.54 10.69 1.67 11.3 2.75 18.27 24
0.03 0.5 0.97 0.03 0.11 2.77 18.36 1.57 10.78 1.99 12.96 24.92
Desired grms 0.2 0.19 2.35 16.16 2.09 13.88 2.59 15.97 26.62
2.7229 2.7229 2.7229 0.5 0.23 2.33 15.23 2.48 16.58 2.46 15.98 27.6
0.77 0.25 2.35 14.15 1.85 12.44 2.46 17.06 25.41
0.97 0.11 1.97 12.83 1.55 10.69 2.76 18.32 24.79
the beam and increases in the other half of the beam. Comparison of the desired and achieved acceleration within 3
dB alarm and 6 dB abort limits is shown in Fig. 10. The acceleration spectrum at the minimum normalized RMS error
at the respective control sensors is also achieved with three control sensors with some degree of accuracy. Unequal
desired acceleration spectrum also considered to study the eﬀect of diﬀerent spectra levels on the force requirement
and as well as on the normalized RMS error estimation as shown in Table 5. It has been observed that the eﬀect of
considering unequal desired levels does not change the force and error estimation. Fig. 310 shows the comparison
of the desired and achieved acceleration spectra at the control sensors for three control sensor conﬁguration. As
explained earlier that the achieved response spectra at the ﬁrst control sensor location is highly deteriorated because
of the cross coupling eﬀect of the other control sensors.
Figure 11 shows the comparison of the force requirement and error estimation for diﬀerent number of control sen-
sors with equal desired spectrum levels at each control sensor. It has been observed that as the number of control
sensors increases, the required force levels increases and the overall normalized RMS error decreases. Similar ob-
servations are also made when the unequal desired spectra are assumed at each control sensor as shown in Fig. 12.
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Fig. 8. Variation of normalized root-mean-square errors at (a) sensor 1 and (b) sensor 2 for the uniform beam to achieve equal desired spectra at
three control sensors (A x/L = 0.03, x/L = 0.20 & x/L = 0.50, B x/L = 0.50, x/L = 0.68 & x/L = 0.97, C x/L = 0.03, x/L = 0.50 & x/L = 0.97).
Fig. 9. Variation of normalized root-mean-square (a) error at sensor 3 and (b) overall error for the uniform beam to achieve equal desired spectra at
three control sensors (A x/L = 0.03, x/L = 0.20 & x/L = 0.50, B x/L = 0.50, x/L = 0.68 & x/L = 0.97, C x/L = 0.03, x/L = 0.50 & x/L = 0.97).
Fig. 10. Comparison of unequal desired and achieved acceleration spectra at (a) x/L = 0.03 and (b) x/L = 0.50 for the uniform beam with minimum
normalized RMS error at respective control sensors (A - x/L = 0.03, x/L = 0.20 & x/L = 0.50, B - x/L = 0.50, x/L = 0.68 & x/L = 0.97, C - x/L =
0.03, x/L = 0.50 & x/L = 0.97).
However, the required force levels in unequal desired spectra case are higher compared to the equal desired spectra
case whereas the overall normalized RMS error remains unchanged.
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Table 5. Required root-mean-square force and achieved acceleration levels at diﬀerent exciter-control sensor locations for unequal desired spectra
in single-input three-outputs conﬁguration of free-free uniform beam.
Control Sensor Exc Req Control sensor - 1 Control sensor - 2 Control sensor - 3 Overall
at at Force Ach Norm Ach Norm Ach Norm Errorrms
x/L x/L Nrms grms Errorrms grms Errorrms grms Errorrms
0.03 0.2 0.5 0.03 0.13 2.77 17.54 1.72 10.12 1.62 11.17 23.12
Desired grms 0.2 0.22 2.2 13.39 2.47 16.1 2.06 13.21 24.76
2.7229 2.7229 2.8645 0.5 0.29 2.59 15.81 2.14 12.94 2.66 17.64 26.99
0.77 0.58 2.71 16.39 2.43 14.85 2.38 17.3 28.08
0.97 0.17 2.76 16.75 2.34 14.09 2.3 16.01 27.12
0.5 0.68 0.97 0.03 0.18 2.49 15.48 2.56 16.18 2.87 15.99 27.51
Desired grms 0.2 0.42 2.52 15.6 2.56 16.25 2.85 15.91 27.58
3.002 3.1307 2.7229 0.5 0.25 2.72 16.63 2.43 15.31 2.45 13.62 26.39
0.77 0.28 1.85 11.13 2.47 15.35 2.51 13.58 23.32
0.97 0.14 1.7 10.27 1.83 11.67 2.86 15.65 22.06
0.03 0.5 0.97 0.03 0.12 2.89 17.72 1.69 11.23 2.08 11.87 24.11
Desired grms 0.2 0.22 2.58 16.45 2.23 14.92 2.67 15.4 27.02
2.8645 3.002 2.7229 0.5 0.24 2.45 15.2 2.71 18.27 2.57 14.68 27.94
0.77 0.29 2.38 13.89 1.97 13.32 2.57 14.75 24.25
0.97 0.13 2.08 13.16 1.68 11.15 2.86 16.39 23.8
Fig. 11. Variation of (a) required force and (b) normalized root-mean-square overall error for the uniform beam to achieve equal desired spectra (A
- Number of control sensors = 2, B - Number of control sensors = 3).
Fig. 12. Variation of (a) required force and (b) normalized root-mean-square overall error for the uniform beam to achieve unequal desired spectra
(A - Number of control sensors = 2, B - Number of control sensors = 3).
4. Conclusions
The paper has discussed the force estimation and determination of the root-mean-square acceleration errors during
vibration testing of aerospace vehicles. It has been observed that the force requirement is less when the control sensors
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are placed at the far ends of the structure. The force requirement is high if the control sensors are at either half of the
structure and is symmetric for uniform beam. It is also observed that the force requirement is increased marginally for
the increased number of control sensors whereas the overall RMS error between the desired and achieved is reduced
with the increase in the number of control sensors. The present study will help in optimizing the location of the
exciters to achieve the desired acceleration spectra within the speciﬁed RMS error limits.
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